Let B be a stable bundle on a K3 surface, such that its deformation space is compact, and the universal bundle is well defined. Consider a stable bundle B 1 on M . Assume that the i-th cohomology sheaf F M i (B 1 ) of the FourierMukai transform of B 1 is a bundle. Then F M i (B 1 ) is a direct sum of stable bundles. A more general version of this statement is proven in math.AG/0107196 ("Projective bundles over hyperkähler manifolds and stability of Fourier-Mukai transform").
Introduction
Throughout this paper, stability of coherent sheaves and holomorphic vector bundles is understood in the sense of Mumford-Takemoto (Definition 3.3).
Let M 1 be a Kähler K3 surface, and B a stable holomorphic vector bundle. Assume that the space of stable deformations of B is a compact manifold M 2 , and the universal bundle B on M 1 × M 2 is well defined. The Fourier-Mukai transform F M • takes a coherent sheaf B 1 on M 1 , and produces a complex of coherent sheaves on M 2 . If π 1 , π 2 denotes the projection of M 1 × M 2 to M 1 , M 2 , then F M • (B 1 ) is obtained as follows: we pull back B 1 to M 1 × M 2 , tensor it with B and apply the derived direct image functor R • (π 2 ) * .
We prove the following theorem.
Theorem 1.1: In the above assumptions, consider the i-th cohomology sheaf F M i (B 1 ) of the complex F M • (B 1 ). Assume that B 1 is stable and F M i (B 1 ) is a bundle. Then F M i (B 1 ) is polystable, that is, F M i (B 1 ) is a direct sum of stable bundles of the same slope.
Proof: See Subsection 6.3.
In [V1] a more general version of Theorem 1.1 was proven: it was shown that the reflexive hull of F M i (B 1 ) is polystable, for B 1 any stable bundle and B any stable bundle with a compact deformation space.
The argument present in this paper is much simplified because we avoid dealing with singularities of coherent sheaves, by assuming that F M i (B 1 ) is a bundle. This proof does not use many of the concepts introduced in [V1] : the quaternionic Dolbeault complex, connections in modules over a DGalgebra, qD-modules, extended quaternionic Dolbeault bicomplex. However, the intuition of the proof is based on these notions.
The Fourier-Mukai transform was discovered by S. Mukai in 1981 ([Mu1] ). Mukai worked in the following situation. Let T be a compact torus or abelian variety, andT the dual torus, which is by definition a moduli space of line bundles of degree 0 on T . The Poincare bundle P is a line bundle of degree zero on the product T ×T , defined in in such a way that for all t ∈T , the restriction of P to T × {t} is isomorphic to the line bundle corresponding to the point t ∈T . This bundle is also called the universal bundle.
Given a coherent sheaf (or a complex of sheaves) F on T , let F M (F ) be the total derived direct image
where π 1 , π 2 : T ×T −→ T,T are the natural projection maps. Clearly, F −→ F M (F ) defines a functor of derived categories of coherent sheaves
Consider the dual torus T toT . Clearly, T is naturally isomorphic to T . Applying Fourier-Mukai functor to the torusT , we obtain the transform
It is easy to check that the composition functor
is equivalent to identity.
The usual Fourier transform has a similar interpretation in terms of Dmoduli. There is also a version of Fourier transform for perverse sheaves over A Fq , where A Fq denotes an affine space over a field of char p.
This reveals the Fourier-Mukai transform as one of the most fundamental operations in algebraic geometry.
M. Kontsevich proposed an interpretation of the Mirror Conjecture in terms of the derived category of coherent sheaf on one of the mirror manifolds ([Kon]). It turns out that the derived category of coherent sheaves on a complex manifold M contains a great wealth of information about the geometry of M . In fact, if M is projective and the canonical or anti-canonical bundle of M is ample, the manifold M can be reconstructed from D b (M ) ( [BO] , [P] ). This puts a spotlight on the cases when such a reconstruction is not possible.
For instance, the Fourier-Mukai transform implies the existence of an equivalence between D b (T ) and
Let M be a K3 surface, B a stable bundle, and X the moduli of stable deformations of B. S. Mukai [Mu2] investigated this situation in great detail. It was shown that X is smooth and hyperkähler. Under some additional assumptions, X is also compact, and there exists a universal bundle B on M ×X. The cohomology group of X is generated by the Künneth component of the Chern classes of B ( [Mar] ). In more special cases, X is a K3 surface with periods prescribed by S. Mukai [Mu4] .
This situation is analogous to the usual duality between the abelian varieties, with the role of a dual manifold played by X. In such a case, the Fourier-Mukai transform is also defined, in the same way it was defined for a torus. It is also known that F M is (under additional assumptions) invertible ( [Mac] ). This establishes an equivalence of the derived categories of coherent sheaves ( [Br] , [BrM] , [O] ).
The Fourier-Mukai transform on K3 surfaces was studied at great length by Bartocci, Bruzzo and Ruiperez [BBR1] - [BBR3] and Yoshioka [Y1] - [Y4] where some partial results on the stability were given. K. Yoshioka also found a counterexample to the stability of Fourier-Mukai transform on a 2-dimensional torus ([Y1]).
Hyperkähler manifolds
This Section contains some results and definitions from hyperkähler geometry, found, for instance, in [Bes] .
Definition 2.1: ( [Bes] ) A hyperkähler manifold is a Riemannian manifold M endowed with three complex structures I, J and K, such that the following holds.
(i) the metric on M is Kähler with respect to these complex structures and (ii) I, J and K, considered as endomorphisms of a real tangent bundle, satisfy the relation
The notion of a hyperkähler manifold was introduced by E. Calabi ([C] ).
Clearly, a hyperkähler manifold has a natural action of the quaternion algebra H in its real tangent bundle T M . Therefore its complex dimension is even. For each quaternion L ∈ H, L 2 = −1, the corresponding automorphism of T M is an almost complex structure. It is easy to check that this almost complex structure is integrable ( [Bes] ). Definition 2.2: Let M be a hyperkähler manifold, and L a quaternion satisfying L 2 = −1. The corresponding complex structure on M is called an induced complex structure. The M , considered as a Kähler manifold, is denoted by (M, L). In this case, the hyperkähler structure is called compatible with the complex structure L. Definition 2.3: Let M be a complex manifold and Ω a closed holomorphic 2-form over M such that Ω n = Ω ∧ Ω ∧ ..., is a nowhere degenerate section of a canonical class of M (2n = dim C (M )). Then M is called holomorphically symplectic.
Let M be a hyperkähler manifold; denote the Riemannian form on M by < ·, · >. Let the form ω I :=< I(·), · > be the usual Kähler form which is closed and parallel (with respect to the Levi-Civita connection). Analogously defined forms ω J and ω K are also closed and parallel.
A simple linear algebraic consideration ( [Bes] ) shows that the form Ω := ω J + √ −1ω K is of type (2, 0) and, being closed, this form is also holomorphic. Also, the form Ω is nowhere degenerate, as another linear algebraic argument shows. It is called the canonical holomorphic symplectic form of a manifold M. Thus, for each hyperkähler manifold M , and an induced complex structure L, the underlying complex manifold (M, L) is holomorphically symplectic. The converse assertion is also true: [Bes] ) Let M be a compact holomorphically symplectic Kähler manifold with the holomorphic symplectic form Ω, a Kähler class [ω] ∈ H 1,1 (M ) and a complex structure I. Let n = dim C M . Assume that M ω n = M (ReΩ) n . Then there is a unique hyperkähler structure (I, J, K, (·, ·)) over M such that the cohomology class of the symplectic form ω I = (·, I·) is equal to [ω] and the canonical symplectic form ω J + √ −1 ω K is equal to Ω. Let M be a hyperkähler manifold. We identify the group SU (2) with the group of unitary quaternions. This gives a canonical action of SU (2) on the tangent bundle, and all its tensor powers. In particular, we obtain a natural action of SU (2) on the bundle of differential forms.
The following lemma is clear.
Lemma 2.5: The action of SU (2) on differential forms commutes with the Laplacian.
Proof: See e.g. [V0] .
Thus, for compact M , we may speak of the natural action of SU (2) in cohomology.
Hyperholomorphic bundles
In this Section we repeat some results and definitions from [V0] .
Hyperholomorphic connections
Let B be a holomorphic vector bundle over a complex manifold X, ∇ a connection in B and Θ ∈ Λ 2 ⊗ End(B) be its curvature. This connection is called compatible with the holomorphic structure if ∇ γ (ζ) = 0 for any holomorphic section ζ and any antiholomorphic tangent vector field γ ∈ T 0,1 (X). If there exists a holomorphic structure compatible with the given Hermitian connection then this connection is called integrable.
One can define the Hodge decomposition in the space of differential forms with coefficients in any complex bundle, in particular, End(B).
Theorem 3.1: Let ∇ be a Hermitian connection in a complex vector bundle B over a complex manifold X. Then ∇ is integrable if and only if Θ ∈ Λ 1,1 (X, End(B)), where Λ 1,1 (X, End(B)) denotes the forms of Hodge type (1,1). Also, the holomorphic structure compatible with ∇ is unique.
Proof: This is Proposition 4.17 of [Kob] , Chapter I.
This proposition is a version of Newlander-Nirenberg theorem. For vector bundles, it was proven by M. Atiyah and R. Bott. Definition 3.2: Let B be a Hermitian vector bundle with a connection ∇ over a hyperkähler manifold M . Then ∇ is called hyperholomorphic if ∇ is integrable with respect to each of the complex structures induced by the hyperkähler structure.
As follows from Theorem 3.1, ∇ is hyperholomorphic if and only if its curvature Θ is of Hodge type (1,1) with respect to any of the complex structures induced by a hyperkähler structure.
A form is SU (2)-invariant if and only if it is of type (p, p) with respect to all induced complex structures. Therefore, ∇ is hyperholomorphic if and only if Θ is an SU (2)-invariant differential form.
Hyperholomorphic bundles, Yang-Mills connections and stability
Definition 3.3: Let F be a coherent sheaf over an n-dimensional compact Kähler manifold M . We define the degree deg(F ) (sometimes the degree is also denoted by deg c 1 (F )) as
and slope(F ) as
The number slope(F ) depends only on a cohomology class of c 1 (F ). Let F be a coherent sheaf on M and F ′ ⊂ F its subsheaf with 0 < rk
A coherent sheaf F is called stable 1 , or µ-stable, if it has no destabilizing subsheaves. A coherent sheaf F is called polystable if it is a direct sum of stable sheaves of the same slope. A coherent sheaf F is called semistable if for all destabilizing subsheaves F ′ ⊂ F we have slope(F ′ ) = slope(F ) Let M be a Kähler manifold with a Kähler form ω. Consider the standard Hodge operator on differential forms, L : η −→ ω ∧ η. There is also a fiberwise-adjoint Hodge operator Λ = * L * ( [GH] ). 
where Λ is a Hodge operator, c a constant, and Id B is the identity endomorphism which is a section of End(B).
Clearly, the constant c is proportional to the slope of B. Throughout this paper, we shall consider only bundles of slope zero. In this case, the Yang-Mille equation can be written simly as Λ(Θ) = 0.
The following fundamental theorem provides examples of Yang-Mills bundles.
Theorem 3.5: (Uhlenbeck-Yau) Let B be a holomorphic bundle over a compact Kähler manifold. Then B admits a Hermitian Yang-Mills connection if and only if it is polystable. Moreover, the Yang-Mills connection is unique, if it exists.
Proof: [UY] .
Proposition 3.6: Let M be a hyperkähler manifold, J an induced complex structure and B be a complex vector bundle over (M, J). Then every hyperholomorphic connection ∇ in B is Yang-Mills and satisfies Λ(Θ) = 0, where Θ is a curvature of ∇.
Proof: We use the definition of a hyperholomorphic connection as one with SU (2)-invariant curvature. Then Proposition 3.6 follows from the following elementary observation Lemma 3.7: Let Θ ∈ Λ 2 (M ) be a SU (2)-invariant differential 2-form on M . Then Λ J (Θ) = 0 for each induced complex structure J. 2 Proof: This is Lemma 2.1 of [V0] .
Let M be a compact hyperkähler manifold, and I an induced complex structure. For any stable holomorphic bundle on (M, I) there exists a unique Hermitian Yang-Mills connection which, for some bundles, turns out to be hyperholomorphic. It is possible to tell exactly when this happens.
Theorem 3.8: Let B be a polystable holomorphic bundle over (M, I), where M is a hyperkähler manifold and I is an induced complex structure over M . Then B admits a hyperholomorphic connection if and only if it is polystable and the first two Chern classes c 1 (B) and c 2 (B) are SU (2)-invariant. 3 Proof: This is Theorem 2.5 of [V0] .
4 Projective bundles and their moduli
Projective bundles and P GL(n)-bundles
Let M be a complex manifold, and B a holomorphic vector bundle, dim B = n. Consider the principal GL(n)-bundle G B of linearly independent n-tuples of vectors in B. The bundle B can be reconstructed from G B as follows
where V n = C n denotes the fundamental representation of GL(n). This is well known. A similar construction exists for principal P GL(n)-bundles. Given a principal P GL(n)-bundle G P , we can consider the associated fibration
where P is CP n−1 , equipped with the natural action of P GL(n).
Definition 4.1: A projective vector bundle over M is a holomorphic fibration P over M , obtained from a principal P GL(n)-bundle as in (4.1).
Remark 4.2: Any automorphism of CP n is projective linear. Given a locally trivial holomorphic fibration P with the fibers isomorphic to CP n , it is very easy to reconstruct the corresponding principal P GL(n + 1)-bundle G P . For any point x ∈ M , the fiber of G P in x is the set of linearly independent n-tuples p 1 , ...p n in the space V x = C n corresponding to P x ∼ = CP n−1 , up to a complex multiplier. The group P GL(P ) = Aut M (P ) acts on G P x freely and transitively, in such a way that G P forms a principal
Clearly, then, the bundle P satisfies (4.1). In other words, projective vector bundles are in one-to-one correspondence with the locally trivial holomorphic fibrations with the fibers isomorphic to CP n−1 . Definition 4.3: Given a projective bundle P , we consider the vector bundle pgl(P ) of vertical holomorphic vector fields on P . Clearly, the fibers of pgl(P ) are isomorphic (as Lie algebras) to pgl(n). A Hermitian structure on a projective holomorphic bundle is an invariant Hermitian structure on the corresponding holomorphic vector bundle pgl(P ).
Projective hyperholomorphic bundles: the definition
Now assume that M is a hyperkähler manifold, and I an induced complex structure. Consider (M, I) as a Kähler manifold.
Definition 4.4: Let P be a projective bundle over (M, I), equipped with a Hermitian structure. We say that P is hyperholomorphic if the Hermitian connection on the corresponding pgl(n)-bundle pgl(P ) is hyperholomorphic (Definition 3.2).
Let B be a Hermitian holomorphic vector bundle on (M, I), and Λ, L the standard Hodge operators on differential forms. We denote by Θ the curvature of B. Let Tr(Θ) ∈ Λ 1,1 (M ) be the trace of the curvature, T r(Θ)(x, y) = T r(Θ(x, y)); x, y ∈ T M (we interpret Θ(x, y) as an endomorphism of B and take its trace). (ii) The traceless part of the curvature
is SU (2)-invariant, with respect to the natural action of SU (2) on the differential forms.
(iii) The projectivization PB is a hyperholomorphic projective bundle on M .
Proof: The implication (ii) ⇒ (i) is quite easy. The curvature Θ ′ ∈ End(End(B)) of End B is expressed via Θ as follows
where l : End(B) −→ End (End(B) ) is an operation of left multiplication by the sections of End(B), and r is an operation of right multiplication. Now, the trace of Θ belongs to the center of End(B), and therefore the traceless part of the curvature satisfies
Since the 2-form Θ tr is SU (2)-invariant, Θ ′ is also SU (2)-invariant. By definition, this implies that End(B) is hyperholomorphic. This proves an implication (ii) ⇒ (i). The converse implication is obvious. Clearly, the map
is injective on the traceless part of End(B). Therefore, End(B) is hyperholomorphic if and only if the traceless part of Θ is SU (2)-invariant. This proves the equivalence (i) ⇔ (ii). To prove (i) ⇒ (iii), we notice that pgl(B) is a quotient of gl(B)
, which is hyperholomorphic by assumptions of (i). This means that PB is also hyperholomorphic. The converse implication is also clear. The Lie algebra bundle pgl(B) corresponding to P GL(B) is the bundle End tr (B) of traceless automorphisms of B, and it is hyperholomorphic by the assumptions of (iii). On the other hand, End(B) = End tr (B) ⊕ C where C is the trivial holomorphic Hermitian bundle. Therefore, End(B) is hyperholomorphic if and only if End tr (B) is hyperholomorphic. We proved the equivalence (i) ⇔ (iii). Proof: Let ∇ be the Yang-Mills connection on B, which exists and is unique by Theorem 3.5. Denote the corresponding connection on End(B) by ∇ 1 . The curvature of End(B) can be algebraically expressed through the curvature of B. Using this expression, it is easy to show that End(B) is also Yang-Mills (see (4.3)). By Theorem 3.8, to show that the Yang-Mills connection in End(B) is hyperholomorphic, one needs to prove that the Chern classes c 1 (End(B) ) and c 2 (End(B)) are SU (2)-invariant. The first Chern class of End(B) is zero, hence SU (2)-invariant. The second Chern class belongs to the one-dimensional space H 4 (M ), and it is clear that the standard action of SU (2) on H 4 (M ) is trivial. This proves that c 1 (End(B)) and c 2 (End(B)) are SU (2)-invariant, and End(B) is hyperholomorphic. By Proposition 4.5 (i) this implies that B is projectively hyperholomorphic.
Claim 4.8: Let M be a compact hyperkähler manifold, I an induced complex structure, and B a holomorphic vector bundle on (M, I). Assume that B admits a projectively hyperholomorphic connection ∇. Then B is polystable 1 . Moreover, the Yang-Mills connection on B is projectively hyperholomorphic.
Proof: By Proposition 4.5 (i), the bundle End(B) is hyperholomorphic; in particular, it is Yang-Mills and polystable. Given a destabilizing subsheaf F ⊂ B, we obtain that the sheaf Hom(B, F ) ⊂ End(B) is also destabilising. Since End(B) is polystable, we have a direct sum decomposition 
To prove that B is polystable, we need to show that the extension
splits. If we tensor this exact sequence by B, it will be split by (4.5). Now, let us tensor (4.6) by B ⊗ B * . Thus obtained exact sequence splits because (4.6) tensored by B splits. On the other hand, the trivial sheaf O M is a direct summand of B ⊗ B * , hence the extension (4.6) is a direct summand of the extension
We have shown that this extension splits; therefore, its direct summand (4.6) also splits. This proves that B is polystable.
Let ∇ be the Yang-Mills connection on B. Then ∇ induces a Yang-Mills connection ∇ e on End(B). On the other hand, the Yang-Mills connection is unique. Therefore, ∇ e coinsides with the original hyperholomorphic connection on End(B). We obtained that ∇ is projectively hyperholomorphic.
Remark 4.9: It is possible for a connection in a bundle to be projectively hyperholomorphic, in the sense of Definition 4.6, and not Yang-Mills. For instance, any line bundle is obviously projectively hyperholomorphic. Proof: Clearly, T r(Θ) is the curvature of the line bundle Λ q B, q = dim B (the top exterrior power of B). Since Λ q B is a tensor power of B, it is also a Yang-Mills bundle. We reduced Lemma 4.10 to the case when B is a line bundle. In this case, Θ ∈ Λ 1,1 (M, End B) = Λ 1,1 (M ) is a closed 1, 1-form which satisfies ΛΘ = const. Therefore,
By Kodaira relations,
Since Θ is of type (1, 1) and closed, we also have ∂Θ = 0. Therefore, Θ is harmonic.
Remark 4.11: Yang-Mills bundles can be characterized as bundles which have harmonic curvature. This is shown by the same argument that proves Lemma 4.10.
Moduli of projectively hyperholomorphic bundles
By the moduli of stable deformations of a stable vector bundle B we understood the space of deformations of Hermitian Yang-Mills connections on B. This definition is compatible with the usual one, as Uhlenbeck-Yau (Theorem 3.5) implies.
Let M be a compact hyperkähler manifold, I an induced complex structure, and B a stable holomorphic vector bundle on (M, I). In this Subsection we construct a universal bundle over a moduli of deformations of projective bundles, and show that it is projective hyperholomorphic.
Proposition 4.12: Let M be a compact Kähler manifold, P a holomorphic projective vector bundle, and S the moduli of deformations of P . Assume that for all s ∈ S, the corresponding bundle P s on M has no automorphisms. 3 Then the universal bundle P exists over M × S.
Proof: Locally in a neighbourhood of a point [P ′ ] ∈ S, the universal bundle exists by the definition of moduli, and is unique up to an automorphism. To prove its existence globally, we need to glue together these local versions of the universal bundle. Generally speaking, this might be nontrivial, because the bundle P , which we are trying to deform, might have automorphisms. Then, gluing together the universal bundle from its local versions will have obstructions. These obstructions lie in the first cohomology H 1 (S, Aut(F)) of the sheaf of local automorphisms of the (locally defined) universal bundle of P . However, the universal bundle exists when the deformations of P have no automorphisms. Since CP n−1 has no automorphisms compatible with the P GL(n)-action, the universal bundle for P exists always.
Remark 4.13: The scalars act on C n by automorphisms commuting with GL(n). This is why the universal vector bundle does not always exist, in a situation similar to Proposition 4.12. The obstructions to its existence lie in H 1 (S, O * S ).
Proposition 4.14: Let M be a compact hyperkähler manifold, I an induced complex structure, and B a projectively hyperholomorphic bundle on (M, I). Denote the moduli of stable deformations of B by S. Assume that the universal bundle B exists. Then B is projectively hyperholomorphic.
Proof: Take the projectivization P of B, which is a projective bundle. To simplify the exposition, we assume that H 1 (M ) = 0 (for a more general version of the proof, see [V1] ; in this paper, we apply Proposition 4.14 only to K3 surfaces). Using the exact sequence of non-abelian cohomology
we find that in the case H 1 (M ) = 0, the group
) is discrete and the natural map from the moduli of deformations of B to the moduli of deformations P is an isomorphism. Let P be the universal bundle on Def(P ), which exists by Proposition 4.12. Then P is a projectivization of B, hence it suffices to prove that P is projectively hyperholomorphic.
Consider the corresponding pgl(n)-bundle pgl(P ). Since P is hyperholomorphic, this bundle is holomorphic on (M, L), where L is any induced complex structure. The deformations of P are equivalent to the deformations of pgl(P ) (Remark 4.2). To prove Proposition 4.14, we have to show that the universal bundle pgl( P ) is hyperholomorphic. We reduced Proposition 4.14 to the following claim Claim 4.15: Let M be a compact hyperkähler manifold, I an induced complex structure, B a hyperholomorphic bundle on (M, I). Denote the moduli of stable deformations of B by S. Assume that the universal bundle B exists. Then B is hyperholomorphic.
Proof: Claim 4.15 is clear from the definitions. Indeed, S is defined as the moduli of the hyperholomorphic connections on B. However, in this definition, S is independent from the induced complex structure; any particular choice of the induced complex structure gives a complex structure on S. This is how one obtains the quaternionic action on S. Now, the universal bundle B is equipped with a natural connection, which is holomorphic with respect to any of the induced complex structures on S, hence hyperholomorphic. We proved Claim 4.15. Proposition 4.14 is proven 5 The operators ∂, ∂ J on holomorphic Hermitian bundles Throughout this section, M is a hyperkähler manifold, I, J, K the standard triple of induced complex structures, and B a holomorphic Hermitian bundle on (M, I). The bundle B is equipped with a standard Hermitian connection
be the (1, 0)-part of ∇ (the Hodge decomposition is taken with respect to I). Since the operators I and J anticommute, J maps Λ p,q (M ) to Λ q,p (M ). Let
be ∇ 1,0 twisted with J:
As usually,
denotes the holomorphic structure operator of B (that is, a (0,1)-part of the connection ∇).
The space Λ * (M ) ⊗ B is graded. An operator on this space is odd if it shifts the grading by odd degree, and even if it shifts the grading by even degree. A supercommutator of two operators (odd or even) on Λ * (M ) ⊗ B is equal to their commutator if one or two of them are even, and to their anti-commutator if both of them are odd. We denote the supercommutator by {·, ·}. The differentials shift degree by 1, hence these operators are odd.
Given a function f on M and a section b ∈ B, we have
is the usual Dolbeault differential ∂ twisted by J. It is easy to check that on a hyperkähler manifold, the Dolbeault and de Rham differentials twisted by quaternions all anticommute (see e.g. [FKS] ). Therefore, the anticommutator {∂, ∂ J } is C ∞ -linear; we can write
One can express the SU (2)-invariance of Θ = ∇ 2 in terms of ∂, ∂ J as follows.
Proposition 5.1: Let M be a hyperkähler manifold, I, J, K the standard triple of induced complex structures, and B a holomorphic Hermitian bundle on (M, I) equipped with a natural connection ∇. Consider the operators
is SU (2)-invariant if and only if the operators ∂, ∂ J anti-commute:
(ii) The traceless part of the curvature
is SU (2)-invariant if and only if the anti-commutator {∂, ∂ J } is a scalar (0, 2)-form:
Remark 5 Proof of Proposition 5.1: Let I, J , K be the Lie algebra elements corresponding to I, J, K. 1 We have an SL(2)-triple
The following lemma is completely elementary, and can be easily checked by a local calculation. We give a coordinate-free proof.
Lemma 5.3: Let M be a hyperkähler manifold, I, J, K the standard triple of induced complex structures, and B a holomorphic Hermitian bundle on (M, I) equipped with a natural connection ∇. Then
Moreover,
Proof: Consider the space V generated by the operators of form
where s ∈ SU (2). Clearly, this space contains the holomorphic structure operator ∂ and the differentials ∇ 1,0 and ∂ J . Using the Lie algebra action, we find that [L, ∇] ∈ V , for all L ∈ su(2). Since all vectors of V have weight 1 with respect to SU (2), all w ∈ V have weight at least -1 with respect to √ −1 I. Therefore, [
, ∂] = 0. By the same reason, we have
Clearly, the operators on the left and right hand side of (5.2) satisfy the Leibniz equation. Moreover,
(we use (∇ 1,0 ) 2 = 0). The differential (0, p)-forms are generated multiplicatively by 0-forms and the image of any of these two operators. Using the Leibniz formula, we find that to check (5.2), it remains to compare the action of ∂ J and ∇ 1,0 ,
On 0-forms, the operator
, ∇ 1,0 acts as
Since K = −JI, and I acts on (1, 0)-forms as √ −1 , we obtain that on 0-forms (5.2) holds.
Return to the proof of Proposition 5.1. Since ∂ 2 = (∇ 1,0 ) 2 = 0, the curvature can be written as
Applying the operator
, · to both sides of this equation, and using Lemma 5.3 and the Jacobi identity for the super-commutator, we obtain 6 Projectively hyperholomorphic bundles on a product of two K3-surfaces
In this Section we prove the following theorem.
Theorem 6.1: Let M 1 × M 2 be a product of two compact hyperkähler manifolds. Assume that h 1 (M 1 ) = 0 or h 1 (M 2 ) = 0. Fix an induced complex structure I on M 1 × M 2 , and let B be a projective hyperholomorphic bundle (M 1 × M 2 , I). Consider the projection map π : M 1 × M 2 −→ M 2 , and let R i π * B be the derived direct image of B. Then R i π * B is equipped with a projectively hyperholomorphic connection, outside of singularities.
The proof of Theorem 6.1 takes the rest of this Section.
Decomposition of the exterior algebra and the Laplacian
Consider the decomposition
where ⊠ denotes the exterior tensor product. We write
Pick a projectively hyperholomorphic connection on B. We decompose the differentials ∂ and ∂ J with respect to the (·) p,q -decomposition:
with 1 ∂, 1 ∂ J increasing the first index of (·) p,q by 1, and 2 ∂, 2 ∂ J increasing the second index of (·) p,q by 1. Denote by
the fiberwise Laplace operator on M 1 . Clearly, 2 ∂ commutes with 1 ∆ ∂ , thus giving the holomorphic structure on the derived direct image
To prove Theorem 6.1 it suffices to show that 2 ∂ J commutes with 1 ∆ ∂ . Indeed, in this case, 2 ∂, 2 ∂ J act on ker 1 ∆ ∂ = R • π * B, and we have
By Proposition 5.1, the right hand side of (6.2) is a multiplication by a scalar form. We obtain that the bundle R • π * B = ker 1 ∆ ∂ on M 2 is equipped with are equipped with a projectively hyperholomorphic connection outside of singularities. Whenever a sheaf F M i (B 1 ) is smooth, it is projectively hyperholomorphic, by Theorem 6.1, hence polystable (Claim 4.8).
This proves Theorem 1.1.
